PEI-KEE LIN author [E-L-O-S] used Maurey's technique to prove that T s (the Tsireleson space of Figiel and Johnson [F-J])
and T* have the fixed point property.
In §11 we give some examples of Banach spaces with an unconditional basis and discuss the fixed point property on those spaces.
In §111 we introduce the ultraproduct technique and rewrite the Karlovitz Theorem in the ultraproduct language.
In §IV we prove that every Banach space with a 1-unconditional basis has the fixed point property. Indeed, our argument shows that if X has an unconditional basis with unconditional constant (for definition see §11) λ < 1.37, then X has the fixed point property. Also we prove the every superreflexive space (by Enflo [En] this is a space isomorphic to a uniformly convex space) with a suppression unconditional basis has the fixed point property.
The author wishes to thank Professors B. Maurey and E. Odell for useful discussions regarding this paper.
Examples of spaces with an unconditional basis. Let Ibe a
Banach space. A sequence {e n }^= 1 in X is called a Schauder basis of X if for every x e X there is a unique sequence of scalars {a n }™ =ι so that x = Σ^= 1 a n e n . A Schauder basis {e n }^= 1 is called an unconditional basis if for every choice of signs e n (i.e. e n = ± 1), ΣjJLi ε n a n e n converges whenever Σ^= 1 a n e n converges. If {e n } is an unconditional basis, then the number is called the natural projection associated with F to the unconditional basis {e n }^= 1 . It is clear that the norm of any natural projection is smaller than the unconditional constant of the basis. We say an unconditional basis is suppression unconditional if every natural projection associated to the basis has norm 1.
n EXAMPLE 1. The natural basis e n = (0,0,0,..., 1,0,...} is an unconditional basis in each of the spaces c Q and l p , 1 < p < oo. Browder [Br] proved that every uniformly convex space has the fixed point property. Since l p , 1 < p < oo, are uniformly convex [C] , they have the fixed point
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property. Lim [Lm] proved that every weak* compact convex subset of l λ has weak* normal structure. Hence, every nonexpansive mapping on weak* compact convex subsets of l λ has a fixed point. Maurey proved c 0 has the fixed point property. and (Ex)(i) equals x(i) for i e E and 0 otherwise. The natural basis is a suppression unconditional basis of (l v \ |), and the unconditional constant of this basis is 2. Lim [Lm] showed that there is a weak* compact subset K of l λ and an isometry T: K -> K such that T has no fixed points. But every weakly compact subset of l λ is compact. Hence, (/ 1? I I) has the fixed point property.
EXAMPLE 5. An Orlicz function M is a continuous non-decreasing and convex function defined for t > 0 such that M(0) = 0 and lim^^ M{t) = oo. To any Orlicz function M we associate the space l M of all sequences of scalars x = (a v α 2 > ) suc h that Σ^= 1 M(|αJ/p) < oo for some p > 0.
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The space l M equipped with the norm ||jc|| = inf|p> 0: £ M\ -I < 1 3. Ultraproducts. Let °ίί be a free ultrafilter on N, and let X be a Banach space. The ultraproduct space ί of X is the quotient space of = ί(*J : *n ^ * for allΛ e N and \\(x n )\\ = sup||xj| < oo} j= {(x n ) e / M (ΛΓ): Um^^||xJ| = 0}. (Note Um n _y\\x n \\ is the limit of ||x n || over the ultrafilter %.) We shall not distinguish between (x n ) and the coset (x n ) + JVG. X. Clearly, It is also clear that X is isometric to a subspace of X by the mapping x -> (x, x,...). So we may assume that X is a subspace of X We will write j, z, >v for the general elements of ί and/, g for the elements of the dual X*. If S n 's are uniformly bounded operators (projections) on X, then 5 = (S n ) which is given by S(x n ) = (S n x n )is a bounded operator (projection) on X, and ||S|| < sup π ||S n ||. Suppose X has an unconditional basis (e n ). We say P is a natural projection with respect to (e π ) if there exist natural projections P n on X associated to (e n ) such that P = (P n ). We say x, y e X are disjoint if there exist two natural projections P, Q on Z such that Px = jc, βy = y and Pβ = βP = 0. In other words, x and j are disjoint if they have the representations (x n ) and (y n ) such that x n and j n are disjoint in X for all n. Now let us translate Theorem A into ultraproduct language. Let K be a weakly compact convex subset of X which is minimal for nonexpansive map T. Let K = {(*"): x n e K for all n) and define f: K ^ K by t{x n ) = (Γx Λ ). Clearly, AT is closed bounded and convex and Γis nonexpansive on K. Furthermore, Γhas fixed points in K. Indeed, if (x n )™ =ι is an approximate fixed point sequence for Γin K, then fory = (x n ) \\fy -j>|| = Urn \\Tx n -x n \\ = lim \\Tx n -x n \\ = 0, and hence Ty = y. On the other hand, ty = y for y = (x n ) then some subsequence of (x n )™ ==ι is an approximate fixed point sequence for T. In ultraproduct language, Theorem A becomes THEOREM A'. Let K be a minimal weakly compact convex set for a nonexpansiυe map T. If y is a fixed point of t in K and x e K, then ||y -x|| = diam(^Γ). Moreover, suppose diam K = 1 and 0 e K. Then for any ε > 0 there is δ > 0 such that \\y\\ > 1 -ε whenever \\fy -j>|| < δ.
The main result.

THEOREM 1. Every Banach space X with 1-unconditional basis (e n ) has the fixed point property.
Proof. Suppose it were not true. Then there is a weakly compact convex subset K which is minimal for a nonexpansive map Γ. Moreover, we may assume diam K = 1. By translation of K, then passing to subsequences, we may suppose that Oeί and there exist an approximate fixed point sequence (x n )™ =1 for T and natural projections P n on X (with respect to (e n )) such that P n P m Φ 0 if n Φ m and lim ||P Λ χJ = lim ||xj = 1 and lim ||(7 -P n )x n \\ = 0.
n->oo n-* oo n-*oo
Let h = (x n ) and z = (z n ) with z n = x n+v Then y and z are fixed points of t with | | J> -z\\ = 1. For any x e K, x, y and z are disjoint. Indeed, let P = (P n ) and Q = (Q n ) with Q n = P n+1 . Then Py = y and βz = z and for any x e K, By Theorem A', W cannot contain any approximate fixed point sequences for Γ. We have a contradiction. D
We note that the proof of the above Theorem has some leeway. More precisely we have the following more general result. THEOREM 2. // X has an unconditional basis with unconditional constant λ < (^33" -3)/2, then Xhas the fixed point property.
Proof. Let 7,1, P and Q be as in Theorem 1, and let W = {w: w G K such that there exists x e K with ||w -JC| | < λ/2 and max(||w -j>||, ||w -z||) < 1/2}.
Since ||(y + z)/2\\ < λ\\{y -z)/2\\ = λ/2, W is a nonempty bounded closed convex set invariant under T. Hence, W contains an approximate fixed point sequence for Γ. For easy calculation, we assume that W)ms an element w with ||w|| = 1. Let x e K with | | JC -w\\ < λ/2 and let / e X* with/(w) = 1 = ||/||. Hence, 1 -f(y) = f(w -y) < \\w -y\\ < 1/2, and so f(y) > 1/2. Similarly, we also have the inequalities f(z) > 1/2 and f(x) > 1 -λ/2. Let a = /((/ -P -Q)w). Then
l-a=f{w)-f{{ϊ-P-Q)w)
and so either f(Pw) < (1 -ά)/2 or f(Qw) < (1 -α)/2, say f{Pw) < (1 -α)/2. Since ϊ -2P and ϊ -2P -2Q are reflections, ||/ -2P\\ < λ and \\wP + 2Q -ϊ\\ < λ. Hence, we have If X has a suppression unconditional basis, we have the following strong result. THEOREM 3. Suppose X has a suppression unconditional basis (e t ). Then X has the fixed point property whenever X is superreflexive.
Proof. Suppose not and, as usual, let K be a minimal set of diameter 1 for a nonexpansive map T. Let x l9 x 2 >... 9 x n be disjoint fixed points for t in K. We shall prove (Jc f -)Γ is 2-equivalent to the unit basis of /". Indeed, if Σ" =1 α, = 1, «/ > 0 and 0 < c < 1, then the same argument as given in the proof of Theorem 1 shows that every element in ψ = [w w^Ksuch thatx & Kwith ||x -iv|| < c and \\w -x t \\ < 1 -α, for/ = 1,2, ,/i has norm less than or equal to 1 -(1 -c)/n. W is a closed convex set which is invariant under f; hence, ϊFis empty. But / -Σ «, •*, • fory = D REMARK 1. The disjoint fixed point sequence (x,) for f as given in the proof of Theorem 3 is 1-equivalent to the unit vector basis of (/", | |). 
